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Abstract 
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morphisms of the trivial disk bundle over the standard sphere which 
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1 Introduction 

Let M be an oriented smooth manifold with non-empty boundary DM. We 
consider the group of pseudo-isotopy classes of diffeomorphisms of M which 
restrict to the identity map on the boundary. Recall that two diffeomor- 
phisms /o, f\ G Diff(M) which keep dM pointwise fixed are called pseudo- 
isotopic (rel boundary) if there exists a diffeomorphism $ : M x I — > M x I 
such that $|mx{0} = fo, $|mx{i} = fx and $\ 9 Mxi = Id. We write / ~ fi 
to indicate that f is pseudo-isotopic to fx. Such diffeomorphisms are of 
course orientation preserving and if dim(M) = 2, the group is known as 
the classical mapping class group of a surface. We will also call the group of 
pseudo-isotopy classes of diffeomorphisms of M which are fixed on the bound- 
ary as the (relative) mapping class group and denote it by TroDifff^) rel d). 
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Not much is known about these groups in higher dimensions and the goal 
of this work was to determine such a group for the trivial disk bundles over 
the standard spheres (see Theorem 1 at the end). For the handlebodies in 
general, the pseudo-isotopy classes of diffeomorphisms with no constraint on 
the boundary had been studied by Wall in [TJ]. The corresponding group 
is denoted by 7r Diff(M). Our approach here will be based on the results of 
Levine [7] and Sato [TUj who determined the mapping class group of S p x S q 
up to extension (cf. also work of Turner, [T2])- 

Integer coefficients are understood for all homology groups, unless other- 
wise stated, and symbols ~ and = are used to denote diffeomorphism and 
isomorphism respectively. We will follow notations of jTU] and denote by 
7foSDiff(S' p x S q ) the subgroup of TT DiS(S p x S q ) which consists of classes 
with representatives that induce trivial action on the homology. The h- 
cobordism classes of all homotopy m-spheres form an abelian group under 
the connected sum operation and we denote such a group by m (see jS] for 
details). 



2 7r Diff(S p x D q 1 rel 9) 

Given a manifold M with non-empty boundary, one can consider the double 
VM of M defined as DM := d(M x I). VM is a closed manifold with the 
canonically defined smooth structure (cf. [S]). Since d(M x I) ~ M x {0} U 
(DM) x I U M x {1} and (dM) x I U M x {1} ~ M (which we will denote 
by M + ), one can also think of the double as of the union of two copies of M 
glued together along the boundary: 

VM ~ M U M + 

For example, if M ~ S p x D q then VM ~ S p x S q . Take if G Diff (M, rel d), 
then one can use the identity map to extend ip to a diffeomorphism (p of VM. 
To be more precise, we define 



<p(x) if x G M 
x if x G M 4 



This construction gives a map Diff (M, rel d) — ► Diff (DM), which induces 
a homomorphism u : 7f Diff (M, rel d) — ► 7r Diff(DM) defined by u;([^]) := 
[0\ . The following proposition generalizes Theorem 2 of j3]. 
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Proposition 1. 

Homomorphism uj : 7r Diff (M, rel d) — > 7f Diff(£>M) is injective for all M. 

Proof. If (p G 7ToDiff (M, rel d) and (p ~ /<i, then there exists an extension 
$ G Diff (M x I) of ip G Diff (d(M x I)). Since $ is equal to <p on M x {0} and 
the identity map on d(M) x/UMx{l}, this $ is a relative pseudo-isotopy 
that connects tp with Id. □ 

It is easy to see that ^ Diff (S p x S g )/7f SDiff (S p x S q ) = Z 2 when p ^ g 
(cf. Theorem I or [7j, §1.2). Since the extension diffeomorphism fixes 
S p x D q + = M + C DM, it follows from Proposition 2.1 of JU] and proposition 
above that n DiS(S p x £>Vel <9) must be a subgroup of 7f SDiff(,S p x S q ). 
Suppose that 1 < p < q and 3 < q, or 4 < p = q, then there is a homomor- 
phism 

B : ^ SDiff(5 p x S 9 ) — ► 7r p (SO(g + 1)). 

defined by Sato as follows (cf. [TO], §3): Take a representative / of a class 
[f] G ^oSDiff (5 p x S q ) and pick a point z G S 9 . Then S^^xzC VM will 
represent a generator of H P (T>M) = Z. Since / acts trivially on H P (T>M), it 
follows from the Hurewicz theorem and the result of Haefliger [2] that there 
exists a diffeomorphism /' ~ / which is the identity on S p x z. Furthermore, 
if we take the tubular neighborhood S p x D q of the sphere S p x z, then by 
the tubular neighborhood theorem we can assume that /' is isotopic to /" 
such that f"(x, y) = (x, b(f) -y), where (x, y) G S p x D q and b(f) is a smooth 
map S p — >■ SO(q). Denote the inclusion map SO(q) SO(q + 1) by S 1 and 
the homotopy class of b(f) by [&(/)] G ir p (SO(q)), then S is defined by the 
formula: 

£([/]) := ^([K/)D- 

For each element [/] G 7f Diff(D m , rel d) = n DiS(S m ) = Q m+1 one 
defines a diffeomorphism t r (/) G Diff(5* p x /} m_p ,rel 9) as the identity map 
outside an embedded disk © m ^ lnt(S p x D m - p ) and on this D m (see 
§4 of [TU] for the details). It is easily deduced from §4 of [TU] that this 
construction induces a monomorphism i r : Q p+q+ i 7foDiff('S' p x -D' 3 ,^! 9). 

Furthermore, let us denote by FC P+1 , the group of the pseudo-isotopy 
classes of orientation preserving embeddings of S q x D p+1 in S q+P+1 . This 
group was introduced by Haefliger and the reader will find all the details in 
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§5 of [3 . Here we only mention that FC P+1 = n q (SO(p +1)), when q < 2p 
(see Corollaries 5.9 & 6.6). 

Lemma 1. 



Proof. Assume first that p < q, then we have the exact sequence (see [TP] . 
Theorem II or jjj, Theorem 2.4): 

— > FC P+1 © 6 p+9+1 — > ^ SDiff (5 P x S<?) vr p (50(g + 1)) — > 0. 

Since the diffeomorphism y> fixes S p x D+, it is clear from definition of 
B that £([£]) = {0}, i.e. n Ditt(S p x D q ,ie\ d) C Kex(B). Sato had shown 
(see [TO], Lemma 3.3) that for any element [u] G Ker(5) one can find a 
representative u G Diff(S' p x S q ) such that wIspxd 9 — Id, and therefore 
^ E>iff(S p x D«,rel d) Ker(B). 

Let now p be larger than q. In this case lm(B) = ir q (SO(p + 1)) and for 
every class [z] G n q (SO(p + 1)) we can choose a smooth representative 



and define a relative diffeomorphism of S p x .D 9 by the formula d{x,y) := 
(r(|/) ■ x, y), where (x, y) G S p x _D g . Let us also use cj to denote the inclusion 
^f Diff(M,rel d) ^ n SDiS(VM). Proof of Proposition 3.2 of [TDj shows 
that the composition B o is a surjection. If we take an element [<y? ] G 
7f Q Diff(M, rel 9) such that B([<f ]) = {1}, then propositions 5.2 and 5.3 of JTDJ 
imply that <^ (modulo some element of Q p+q+ i if needed) can be extended 
to a diffeomorphism of S p x D q+1 , i.e. [<£>q] G 6 p+(?+ i and hence the exact 
sequence above implies that noDi&(S p x D q , rel d) = ir q (SO(p + l)) ®Q p+q+ i. 



n Di&(S p x D q ,rel d) ^ 



9 p+g+1 ©FC p+1 if Kp<q 

® P+q+ i © n q (SO(p +1)) if 1< q < p 



r : (D q , S"- 1 ) 



(SO(p+l),Id) 



□ 



Lemma 2. 
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Proof. 7c DiS(S 1 x D 2 ,re\ d) c — >• 7r Diff(S' 1 x S 2 ) by our Proposition 1. Since 
(p G Diff(S' 1 x S 2 ) acts trivially on the homology, it follows from Theorem 5.1 
of pQ that (p is either pseudo-isotopic to the identity or the diffeomorphism 
T of S 1 x S 2 defined by T(t,ar) := (t, f(t) o x) where f : S 1 — ► SO (3) is a 
smooth generator of 7Ti(SO(3)) = Z 2 . If we had <^ ~ T, then would extend 
to a diffeomorphism of S 1 x D 3 , and therefore would be pseudo-isotopic to 
the identity map. Thus 7r Diff(5' 1 x D 2 ,rel d) = {1}. 

Consider now tcqDiSIS 1 x D q , rel d) with q > 3. Here we also can assume 
that 7foDiff('S' 1 x -D 9 ,rel &) C Ker(B) and according to Proposition 6.3 of 
[TP] , the latter group is isomorphic to 9 +i © © g +2- For an element [g] G 
7roDiff (D 9 , rel 9) = 7roDiff(5' 9 ) — ©g+i, we associate the diffeomorphism 
G G Diff(S' 1 x D 9 ) defined by the formula: G(x,y) := (x,g(y)). Thus we 
obtain a map X : © g +i — > 7foDiff(5' 1 x D 9 , rel d) which is a monomorphism 
(see Proposition 6.2 of [10J). Since 9 + 2 is also a subgroup of 7r Diff(^", rel d), 
we see that ff Diff(5 1 x D q ,iel d) ^ Q q+1 © Q g+2 . 

Gluck had shown in [T] (see §8 - §13) that ^ Diff(S 2 X -D 1 , rel 9) = Z 2 . As 
the generator of this group, one can take the homeomorphism T of S 2 x D 1 
defined by T(x,t) := (/(£) o where [/] G 7ri(50(3)) is as above. Since 
B4 = {0}, we can assume for the rest of our proof that p > 3. Since 
7f DiS(M, rel d) "—>■ tt SDHI(DM) and using once again the generalized Dehn 
twist (x,y) — > (a(y) x,y) G S p x I with [a] = a smooth generator of 
iri(SO(p+l)), it is easy to see that Bow is an epimorphism, i.e. lm(Bouj) = 
Z 2 . Take y> G DiS(S p x D^rel 9) such that [0\ G Ker(B). According to Sato 
([TO]. §6), we have the exact sequence 

— > P+ i Ker(5) p+2 — > 

where map K was just defined in the paragraph above and C is the inverse 
map to the monomorphism i T which has been mentioned at the beginning (all 
the details regarding the homomorphism C can be found in §4 of PHI)- If we 
have [0\ G Ker(C), then we can assume that there exists / G Diff(S' p x S 1 ) 
such that / ~ if and f(x,y) = (g(x),y) with [g] G no~Di&(D q , rel d) = 
noDiS(S q ) = Qq+i- In this case we could extend (p to a diffeomorphism of 
S p x L> 2 , that is <p ~ Id. Hence ^ Diff(S p x ^Vel 9) S 6 p+2 © Z 2 as 
required. □ 

Consider now a parallelizable 2p— manifold F, which is obtained by gluing 
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jj, handles of index p > 2 to the 2p— disk and rounding the corners: 

F = D 2p U [_\{Df x D p ) 

i=i 

Evidently S p x D p is an example of such a manifold. Given now a diffeo- 
morphism ip of F which is the identity map on <9F, one can consider the 
variation homomorphism Var(^) : H P (F, OF) — > H P (F) defined by the for- 
mula Var(</?)[2;] := [f(z) — z] for any relative cycle z G H p (F,dF) (cf. §1 of 
[TT]). It is easy to show (0j, §2.2) that the elements of 7foDiff(F, rel d) that 
induce zero variation homomorphism (i.e. [<p] such that Var(<£>)[z] = 0, Vfz]) 
form a subgroup of 7foDiff (F, rel 9). We will follow jlj and denote this 
subgroup by 7toV"Di&(F,d). Let us also denote by h the homomorphism 
7ToDi&(VF) — ► Aut H P (T>F) induced by the natural action of the elements 
of 7f Diff (DF) on the p-th homology of the double. 

Claim 1. 

Kernel of the homomorphism ho u : 7r Diff (_F, rel d) — > Aut H p (T>F) is 
equal to 7t VDiS(F,d). 

Proof. It follows immediately from the proof of Theorem 1 of jl] . □ 

Let us denote by Sir p (SO(p)) the image of ir p (SO(p)) under the map S 1 * : 
7T p (SO(p)) — > 7r p (SO(p+ 1)) induced by the inclusion SO(p) SO (p+ 1). 
Then S7Tq(SO(6)) is trivial and for all other p > 3 the groups Sir p (SO(p)) 
are given in the table below (see [6], p. 644): 



p (mod 8) 





1 


2 


3 


4 


5 


6 


7 


Sir p (SO(p)) 


z 2 ©z 2 


z 2 


z 2 


Z 


z 2 





z 2 


Z 



Lemma 3. 

{Z if 

e 2p+1 ®s% p (so(p)) if 

e2 P +i®Sir p (SO(p))®Z if 



p = i 

p = 2 

4 < p is even 
3 < p is odd 
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Proof. The case of p = 1 is well known and a proof can be found, for example, 
in §7 of p] . When p is even, the image of h : 7r Diff (£>F) — ► Aut H P (S P x S p ) 
is isomorphic to Z4 and for any element [tp] G TToDiS(T>F), h([ip]) leaves no 
non-zero cycle of H P (S P x S p ) invariant (see Proposition 2.2 of 10J. Since 
the extended diffeomorphism (p preserves S p x D p + pointwise, it is clear that 
the group 7f Diff (F, rel d) coincides with the kernel of h a u and hence, by 
the claim above, 7r Diff(F, rel d) = n VDiS(S p x D*,d). The statement for 
p =even will now follow from the exact sequence (see jTU] , Theorem II) 

— > Sir p (SO(j>)) © 6 2p+1 — > 7f SDiff(S p x S p ) Sir p (SO(p)) — > 0, 

a simple observation which has been already made that for every element 
[tp] G 7To^Diff(S' p x D p ,d), the element [y5] belongs to the kernel of B and 
Theorem 3 of |1] which says that 

If n = 2 then 7foV r Diff(F, d) = 0, and for all n > 3 the following sequence is 
exact 

— > 6 2p+1 7r VDiff(F,9) — > ttom{H p {F,dF), Sn p (SO{p))) — > 0. 



Assume now that p is odd. Then Aut H p (S p x S* p ) = SL(2, Z) when p 
is 1, 3 or 7, and in the other cases Aut H P (S P x S" p ) is a proper subgroup of 

SL(2, Z) which consists of the matrices ( ^ x ^ 2 ) such that both products 

c?id2 and d^d^ are even integers (^S] 5 Lemma 5). Clearly, any matrix of this 

type is congruent modulo 2 either to Id — ( n 1 ) or V := ( 1 „ ). We 



y 1J \1 / 

will denote this subgroup by IV (2). It is well known that IV (2) is not a 
normal subgroup of index 3 of SL(2, Z) (see 0, §1-5). Moreover, using the 
fact that the corresponding projective group rv(2)/Z 2 = Z 2 * Z is generated 
(\ 2\ 

by V and T := ( ^ J (cf. jT^j, §3) one can easily show that IV (2) admits 

the following presentation T v (2) = (V,T \ V A = id, V 2 T = TV 2 ). Assume 
that p > 3. It follows again from the definition of uj that the image of 
hooj consists of those automorphisms that preserve the class of H P (S P x S p ) 
represented by an embedded sphere S p x {*} C S p x D\ C S p x S' p . If we 
choose two spheres S p x {*} and {*} x S p as the basis of H P (S P x S^), we 

see that Im(/i o w) is generated either by | j (when p = 3 or p = 7) 
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or by 



'1 



(in the other cases) and hence lm(h 



o UJ\ 



Z. As for the 



corresponding element of 7r Diff (M, rel d), one can again take the generalized 
twist $ of S p x D p defined by the formula ~&(x,y) := (((y) ° x,y), where 
(x,y) £ S p x D p and C : (D p ,S p - 1 ) — ► (SO (p + l),Jd) is a smooth map 
which generates image of the map : ^(SO^+l)) — ► tt p (S p ) from the exact 

homotopy sequence of the fibration SO(p) c — >• SC^p+l) — 5 P . To finish the 
proof we need to show that for p =odd we also have 7r VDiS(S p x D p , d) = 
@2 P +i © S7T p (SO(p)). If p > 5, one can use exactly the same argument which 
we gave above for p =even and if p = 3, it is shown in Example 1 of [3] that 
vfo^Diff (S 3 x D 3 , d) = 6 7 © Z. □ 



Let us now summarize what we have proved above and state the main result 
of this paper. 



Theorem 1. 



^ Diff(5 p x J D 9 ,rel d) 



Z 

{1} 

e 



e 
e 



p+q+l 
p+q+1 



Sn p (SO(p)) 
© Sn p (SO(p)) © Z 



p+q+l 







9+1 



FC^ +1 

7T q (SO( P +l)) 



if p — q — 1 

if l<p<2,g = 2 

if 4 < p = q is even 

if 3 < p = g is odd 

if p = 1, q > 3 

if 1 < p < g 

if 1 < g < p 
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